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Abstract: The problem of the robust digital controller design to solve a tracking
problem for robotic manipulators is studied. The design method based on the form-
ation of two-time scale motions in the closed loop system is used. It has been shown
that if a sufficient time-scale separation between the fast and slow modes in the dis-
cussed closed loop system and stability of fast modes are provided then slow modes
have the desired form and thus the output transient performance indices are insens-
itive to parameter variations and external disturbances of the robotic manipulator.
Numerical simulations of the two-link robotic manipulator are presented. Copyright
c©2001 IFAC
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1. INTRODUCTION

Various methods are used today to solve the prob-
lem of a controller design for robotic manipulators.
For example, Variable Structure Systems (VSS)
theory (Utkin, 1978; Young, 1978; Slotine and Li,
1991), adaptive approachs (Abdallah et al, 1994),
learning controllers (Park P.H. et al., 1996), con-
trol laws based on the Non-linear Inverse Dynam-
ics (NID) method (Timofeev, 1980) are used. The
control law based on NID method may be used
if the dynamics of the system are exactly known.
Therefore, an algorithmic approach to solution of
the inverse dynamics problem should be used un-
der condition of incomplete information about vary-
ing parameters and external disturbances of the
robotic manipulator. For example, a solution of
the inverse dynamics problem based on the Gradi-
ent Descent Method (GDM) may be used. An-
other way of the algorithmic solution of the NID
problem is the application of the Localization Me-
thod (LM) (Vostrikov, 1977; Vostrikov, 1990; Vos-
trikov and Yurkevich, 1991). The peculiarity of

LM is application of higher order derivatives jointly
with a high gain in the control law. Singular per-
turbation method is used in LM to analyse the
closed loop system properties.

In the present paper the so called Dynamic Con-
traction Method (DCM) is applied which is a gen-
eralization and further development of LM (Yurke-
vich, 1993). At the same time, the proposed ap-
proach can also be seen as a generalization of GDM.
In particular, the structure of the control law dis-
cussed here follows from a higher order local op-
timization procedure (Tsypkin, 1968). As opposed
to LM, DCM allows an integral action to be incor-
porated in the control loop without increasing the
controller’s order.

In this paper, an approach (Yurkevich, 1993; Yurke-
vich, 1999) is used which is based on limiting prop-
erties of the discrete-time model of the control
loop. The paper is organized as follows. First, a
model of the robotic manipulator is defined, next
a background of the discussed method is summar-
ized, and finally the universal digital control law is
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presented. Numerical simulations of the two-link
robotic manipulator are presented.

2. PROBLEM STATEMENT

2.1 Model of robot manipulator

Let us consider a nonlinear time-varying dynam-
ical system in the following form

ẋ1 = x2,

. . . . . .

ẋm−1 = xm,

ẋm = f(x,w) +B(x)u, (1)

y = x1

where x = {x′1,x
′
2, . . . ,x

′
m}

′, xj ∈ Rp ∀ j = 1,m
and w is the vector of unknown parameters and
external disturbances. We assume also that dw/dt
is bounded for all its components.

If m = 2, then from (1) the p-link manipulation
robot model follows (Spong and Vidyasagar, 1989)

ÿ = f(y, ẏ) +B(y)u (2)

where y = {y1, y2, . . . , yp}
′ is the output available

for measurement, u = {u1, u2, . . . , up}
′ is the con-

trol vector (vector of joint torques in (2)).

Assumption 2.1 Let us assume that the condi-
tion detB(x) 6= 0 ∀ x ∈ Ωx is satisfied where
x ∈ Ωx ⊂ Rmp and Ωx is a bounded set.

Assumption 2.2 Let us assume that a series con-
nection of a zero-order hold (ZOH) with a sampling
period T and the system in the form (1) takes
place. Accordingly, if kT ≤ t < (k + 1)T then
u(t) = uk where {uk}

∞
k=0 is a discrete input se-

quence.

2.2 Control problem

The robotic manipulator control system is being
designed to provide the condition

lim
k→∞

ek = 0 (3)

where ek = e(t = kT ) is the error of the reference
input realization, ek = rk−yk, yk = y(t = kT ) is
the sample point of output y(t). rk = r(t = kT ) is
the sample point of reference input. Moreover, the
controlled transients ek → 0 should have desired
performance indices. These transients should not
depend on the external disturbances and varying
parameters of the system (1).

3. SYSTEM WITH ZERO-ORDER HOLD

In accordance with (Yurkevich, 1999) let us find
the approximate difference equation which allows
us to describe the behavior of output sample points
when the sampling period T is sufficiently small.

Let us introduce a new time scale τ = t/T in (1)
and denote

u = K0v where K0 = B−1. (4)

Here v is the output of a zero-order hold. Then

dxi/dτ = Txi+1 ∀ i = 1,m− 1, (5)

dxm/dτ = T{f(x,w) + v}.

Accordingly

dmy/dτm = T m{f(x,w) + v}. (6)

If T → 0 then

dx/dτ → 0, dw/dτ → 0 (7)

and in a new time scale τ we have that

x(τ) ≈ const, w(τ) ≈ const. (8)

Accordingly, f(x(τ),w(τ)) ≈ const.

So, if the sampling period T is suffieciently small
then it may be assumed that at least during the
sampling period T the condition f(x,w) = const
for kT ≤ t < (k + 1)T is satisfied. Accordingly, as
a result of the Z-transformation of (6) it follows
that

yi,k =
Em(z)

m ! (z − 1)m
T m {fi,k + vi,k} (9)

where yi,k = yi(t) t = kT , vi,k = vi(t) t = kT , fi,k =
fi(x(t),w(t)) t = kT and Ei(z) are Euler polyno-
mials (Sobolev, 1977; Åström et al., 1984; BÃlachuta,
1999) where

El(z) = εl,1z
l−1 + εl,2z

l−2 + · · ·+ εl,l, (10)

εl,j =

j
∑

ρ=1

(−1)j−ρρl
(

l + 1
j − ρ

)

, j = 1, l, l = 1, 2, . . .(11)

El(1) = l !, l = 1, 2, . . . (12)

Then for T small enough the behavior of yi,k can
be approximately discribed by the difference equa-
tion

yi,k =
m
∑

j=1

(−1)j+1

(

m
m− j

)

yi,k−j +

+Tm

m
∑

j=1

εm,j

m !
{fi,k−j + vi,k−j} (13)

where fi,k−j are unknown values for all i, j.



Remark 3.1 If T = 0 then from (13) the differ-
ence equation

yi,k =

m
∑

j=1

(−1)j+1

(

m
m− j

)

yi,k−j (14)

follows where its characteristic polynomial equals
to (z − 1)m.

4. CONTROL LAW STRUCTURE

4.1 Desired difference equation

Let the stable differential equation

y
(m)
i = Fi(y

(m−1)
i , . . . , yi, r

(m−1)
i , . . . , ri) (15)

follows from the continuous-time transfer function

Gd
i (s) =

bdi,m−1s
m−1 + · · ·+ bdi,0

sm + adi,m−1s
m−1 + · · ·+ adi,0

(16)

where parameters ofGd
i (s) are selected on the base

of the required output transient performance in-
dices of yi(t) and adi,0 = bdi,0.

From the Z-transformation of a series connection
of a zero-order hold and a continuous-time system
with the transfer function Gd

i (s) the pulse transfer
function follows

Hd
i (z) =

Bd
i (z)

Ad
i (z)

(17)

where Bd
i (z) = b̃di,1z

m−1 + . . . + b̃di,m−1z + b̃di,m,

Ad
i (z) = ãdi,0z

m + . . .+ ãdi,m−1z + ãdi,m. From (17)
we obtain the desired stable difference equation

yi,k = Fi(Yi,k, Ri,k), (18)

where Yk = {yk−α, . . . , yk−1}
′, Rk = {rk−α, . . . ,

rk−1}
′.

Similar to (13) the exp. (18) can be rewritten in
the form

yi,k =

m
∑

j=1

(−1)j+1

(

m
m− j

)

yi,k−j +

+TmF̃i(Yi,k, Ri,k, T ) (19)

where ri,k = yi,k at the equilibrium for all i = 1, p.

Theorem 4.1 From (19) and remark 3.1 it fol-
lows that

lim
T→0

F̃i(Yi,k, Ri,k, T ) =

= Fi(y
(m−1)
i , . . . , yi, r

(m−1)
i , . . . , ri) t = kT (20)

Proof. Obviously limT→0{yi,k − yi,k−1}/T =

y
(1)
i (t) t = kT Similarly, the exp.(20) follows from
(19) and remark 3.1.

4.2 Insensitivity condition

Let us denote

eFi,k = Fi,k − yi,k (21)

where Fi,k = Fi(Yi,k, Ri,k). Then the desired be-
havior of yi,k is assured if and only if the following
holds

eFi,k = 0 (22)

for all k = 0, 1, . . . If (22) is met then the output
transient performance indices of yi,k are insensit-
ive to external disturbances, inherent dynamical
properties and parameter variations in the system
(1).

4.3 Control law

To fulfil the requirement of (22) let us form the
control law in the form of the difference equation
(Yurkevich, 1993)

vi,k =

m
∑

j=1

di,jvi,k−j + λi(T ) eFi,k (23)

where

m
∑

j=1

di,j = 1, (24)

λi(T ) = λ̃i/T
m, λ̃i 6= 0, i = 1, p. (25)

5. MAIN RESULTS

5.1 Closed-loop system

As a result the closed-loop system equations are
given by

yi,k =
m
∑

j=1

(−1)j+1

(

m
m− j

)

yi,k−j +

+ Tm

m
∑

j=1

εm,j

m !
{fi,k−j + vi,k−j}, (26)

vi,k =

m
∑

j=1

di,jvi,k−j + λi(T ) eFi,k (27)

where i = 1, p. From (19) and (21) it follows that
the closed-loop system eqns.(26), (27) may be re-
written in the form



yi,k =

m
∑

j=1

(−1)j+1

(

m
m− j

)

yi,k−j +

+ Tm

m
∑

j=1

εm,j

m !
{fi,k−j + vi,k−j}, (28)

vi,k =
m
∑

j=1

{di,j − λ̃i
εm,j

m !
}vi,k−j +

+ λ̃i{F̃i(Yi,k, Ri,k, T )−

m
∑

j=1

εm,j

m !
fi,k−j}(29)

where i = 1, p and fi,k−j are unknown values for
all i, j.

In accordance with (5) and (6) if T → 0 then
the rate of output transients of (28) is decreased,
i.e. yi,k − yi,k−j → 0 ∀ j = 1,m. Accordingly,
the fast and slow modes appear in the closed loop
system (28), (29) where a time-scale separation
between the fast and slow modes is represented
by parameter T.

5.2 Fast-motion subsystem

Theorem 5.1 If T → 0 then from (28), (29) it
follows that

vi,k =

m
∑

j=1

βi,jvi,k−j + λ̃i{F̃i −

m
∑

j=1

εm,j

m !
fi,k−j}(30)

is the fast-motion subsystem (FMS) equation of
the i-th channel where fi,k − fi,k−j ≈ 0, yi,k −

yi,k−j ≈ 0 and βi,j = di,j− λ̃iεm,j{m !}−1 ∀ j =
1,m.

Proof. If T → 0 then from (28),(29) and (6) the
FMS equation (30) follows.

Remark 5.1 From (30) follows that the charac-
teristic polynomial of FMS of the i-th channel has
the form

A
F MS ,i(z) = zm − βi,1z

m−1 − · · · − βi,m (31)

5.3 Control law parameters

Let us form the desired characteristic polynomial
Ad

F MS ,i
(z) in the form

Ad
F MS ,i

(z) = zm − βdi,1z
m−1 − · · · − βdi,m (32)

where the roots of (32) are selected in a some small
neighbourhood of zero in accordance with the re-
quirements to the admissible transients in FMS.

Theorem 5.2 The condition

A
F MS ,i(z) = Ad

F MS ,i
(z) (33)

is fulfilled if and only if

λ̃i = 1− βdi,1 − βdi,2 − · · · − βdi,m, (34)

di,j = βdi,j + λ̃iεm,j{m !}−1, (35)

∀ j = 1,m and ∀ i = 1, p.

Proof. Substituting (34),(35) into (31) yields (33).
Hence the proof is complete.

Corollary 5.1 The requirement

A
F MS ,i(z) = zm (36)

is satisfied if and only if

di,j = εm,j{m !}−1, λ̃i = 1 (37)

∀ j = 1,m and ∀ i = 1, p

Proof. Substituting (37) into (31) yields (36).

5.4 Slow-motion subsystem

Theorem 5.3 If a steady state (more precisely, a
quasi steady state) for the FMS (30) takes place,
i.e.

vi,k − vi,k−j = 0 ∀ j = 1,m, (38)

then vi,k = vai,k where

vai,k = F̃i(Yi,k, Ri,k, T )−

m
∑

j=1

εm,j

m !
fi,k−j (39)

Proof. The expr.(39) follows from (12) and (24).

Theorem 5.4 If (33) holds and T → 0 then the
SMS equation of yi,k in the closed loop system
(28), (29) is the same as (19).

Proof. From (33) it follows that FMS is stable. If
T → 0 then after fast damping of FMS transients
in (28), (29) we have that (38) and (39) are ful-
filled. Substituting (38), (39) into (28) yields the
SMS equation which is the same as (19).

Theorem 5.5 If T → 0 then vai,k−vai (t) t = kT
→

0, where

vai = {Fi(y
(m−1)
i , . . . , ri)− fi(x,w)} (40)

is the NID problem solution.

Proof. If T → 0 then from (8) it follows that
fi,k − fi,k−j → 0 ∀ j = 1,m. In accordance with
(12) and (20) we have that from (39) the expr.(40)
follows.



6. SIMULATION RESULTS

Let us consider a 2-link manipulation robot model
(Utkin, 1978; Young, 1978) displayed in Fig.1

ẋ1 = x2,

ẋ2 = (α22/α)(β12x
2
2 + 2β12x2x4 + γ1g + u1)−

−(α12/α)(−β12x
2
4 + γ2g + u2), (41)

ẋ3 = x4,

ẋ4 =−(α12/α)(β12x
2
2 + 2β12x2x4 + γ1g + u1) +

+(α11/α)(−β12x
2
4 + γ2g + u2)

where y1 = x1, y2 = x3, x = {x1, x2, x3, x4}
′ =

{θ, θ̇, ϕ, ϕ̇}′, u = {u1, u2}
′ is the vector of joint

torques and

α11 = (m1 +m2)l
2
1 +m2l

2
2 + 2m2l1l2 cosx3,

α12 =m2l
2
2 +m2l1l2 cosx3, α22m2l

2
2,

α= α11α22 − α2
12, β12 = m2l1l2 sinx3,

γ1 =−(m1 +m2)l1 cosx3 +m2l2 cos(x1 + x3),

γ2 =−m2l2 cos(x1 + x3).

The parameters m1,m2, g, l1, l2 are assigned by

m1 = 2.5[kg], m2 = 1[kg],

g = 9.8[m/s2], l1 = l2 = 0.5[m].

We assume that the requirement (4) for K0 is sat-
isfied. Require that the controlled outputs yi(t)
behave as a response of type 1 systems which are
given by transfer functions

Gd
i (s) = (4s+ 4)/(s2 + 4s+ 4) ∀ i = 1, 2 (42)

The simulation results of (41) during time inter-
val t ∈ [0, 100]sec. are displayed in Figs.2, 4 and
during time interval t ∈ [0, 1]sec. are displayed in
Figs.5, 7 for sampling period T = 0.02 sec. with
the following control law

vi,k = 0.5vi,k−1 + 0.5vi,k−2 +

+λi{−yi,k − ãdi,1yi,k−1 − ãdi,2yi,k−2 +

+b̃di,1ri,k−1 + b̃di,2ri,k−2} (43)

where {u1,k, u2,k}
′ = K0{v1,k, v2,k}

′, λi = 2500,

ãdi,1 = −1.9215788, ãdi,2 = 0.9231163,

b̃di,1 = 0.0776421, b̃di,2 = −0.0761046, i = 1, 2.

7. CONCLUSIONS

A resulting output feedback digital controller for
robotic manipulator has a simple form of a com-
bination of low-order linear dynamical discrete-
time systems and a matrix whose entries depend
nonlinearly on certain known process variables.

Assuming a small sampling period, robust decoup-
led output tracking with desired continuous-time
dynamics is accomplished. It has been shown, if a
sufficient time-scale separation between fast and
slow modes in the discussed closed loop system
and stability of FMS are provided then SMS equa-
tion has the desired form and thus after fast damp-
ing of fast transients we have that the output tran-
sient performance indices are insensitive to para-
meter variations of the system and external dis-
turbances.
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Fig. 1. The manipulation robot

Fig. 2. Ramp-wise response of outputs

Fig. 3. Ramp-wise response of controls

Fig. 4. Ramp-wise response of errors

Fig. 5. Ramp-wise response of outputs

Fig. 6. Ramp-wise response of control u1

Fig. 7. Ramp-wise response of control u2
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